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Introduction?

The knowledge of the processes in the history
of mathematics is essential for the mathematicians
to get a greater comprehension of the foundations
and nature of mathematics. Mathematicians who
know the history of mathematics are able to under-
stand better how and why the different branches of
mathematics have taken shape: analysis, algebra,
and geometry, their different interrelations and their
connections with other disciplines (Bruckheimer &
Arcavi, 2000; Roca-Rosell & Lusa, 2009; Massa Es-
teve, 2014).

The activities, based on the analysis of signifi-
cant original sources, contribute to improving math-
ematicians’ integral formation, giving them addi-
tional knowledge of the social and scientific context
of the periods involved (Jahnke et al., 2000; Furing-
hetti et al., 2006; Massa Esteve et al., 2011; Herrero
etal., 2017).

Reading ancient texts enables us to get a vision
of mathematics not as a final and finished product,
but as a useful, dynamic, human, interdisciplinary
and heuristic science which has developed through
efforts to solve the problems about the world around
us that humanity has been faced with throughout
history. History shows that societies develop be-
cause of the scientific activity and that mathematics
is a fundamental part of this process. Indeed, math-
ematics can be presented as an intellectual activity
for solving problems in each period (Massa Esteve,
2003; 2012b; Katz & Tzanakis, 2011).

This paper focuses on the process of alge-
braization of mathematics, which took place from
the seventeenth century to the beginning of the
eighteenth century, explained in a course of history
of mathematics. The publication in 1591 of In Artem
Analyticen lsagoge by Frangois Viete (1540-1603)
represented a step forward in this process with the

3 Afirst version of this document was presented at the sympo-
sium “History of Science for Science Education” of the 6™ ESHS
Conference, 4-6. September 2014, in Lisbon.

development of the symbolic language and an ana-
lytic method for solving problems. Later, Pierre de
Fermat (1601-1665) was among the mathematicians
who used this algebraic analysis to solve geometric
problems.* However, the most influential figure in
this process of algebraization was René Descartes
(1596-1650), who published La Géométrie in 1637
as an appendix to the Discours de la Méthode (Man-
cosu, 1996; Bos, 2001). In this process of algebraiza-
tion, the creation of a symbolic language by Viete
and Descartes for dealing with algebraic equations,
geometric constructions and curves, was essential,
as well as the introduction of a new analytic meth-
od, as we explain in the next section (Radford, 2006;
Katz, 2007).

These original sources of the process of alge-
braization of mathematics are useful in an activity
implemented in a classroom of the history of math-
ematics to clarify mathematical ideas. Indeed, the
study of the origins of polynomials and their asso-
ciated equations provides us with a history of geo-
metrical constructions for the solution of equations
with instructive and suggestive passages for stu-
dents, whether college degree or high school ones.
We ask ourselves and students about the relation-
ship between the algebra and geometry in these ge-
ometrical constructions, whether because they are
justifying and illustrating the algebraic rules or they
are a necessary complement for solving the equation
(Calinger, 1996; Massa Esteve, 2005; Allaire & Brad-
ley, 2001).

Therefore, the aim of this paper is to ana-
lyze the results of the implementation of this his-
torical activity in a mathematics history course for
the bachelor’s degree in mathematics. This activity
contains singular geometric constructions for solv-
ing quadratic equations by Viéte and Descartes in
the process of algebraization of mathematics. As we
will show, these analyses of the activity linking alge-
bra to geometry and using original sources provide

4 He did not publish during his lifetime, although his work
circulated in the form of letters and manuscripts referred to in
other publications (Mahoney, 1973).
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students with a more comprehensive view of the de-
velopment of mathematics and improve their math-
ematical training.

The course of History of Mathematics has
been taught at the Faculty of Mathematics of the
Universitat Politecnica de Catalunya, Barcelona-
Tech since 2010.° It is not compulsory and students
attend it in the last four months of their final year of
mathematics studies. In this course, we try to work
whenever possible with historical original sources
or specialized secondary sources.® The goal of this
course is to explore the past of mathematics, show-
ing how some concepts, theorems, and axiomatic
methods have emerged and developed over time,
which are now presented in the texts within the
framework of the pragmatic conception the teach-
ing of which often does not match the historical or-
der in which they were invented or discovered. In-
deed, through the course, students develop a pano-
ramic view of the development of the mathemati-
cal concepts throughout history.” The sessions have
a structure based on monographic presentations,

5 This course of history of mathematics is shared with Monica
Blanco, she teaches the last three topics of the course.

6 The course follows the line of historical research that at-
tempts to understand the formation processes of mathemati-
cal concepts in their own context, in terms of mathematical
knowledge and of the aims with which they worked more than
in terms of what could have happened then. The circulation of
contributions from different authors shows the path for learn-
ing the history of mathematics.

7 'The aim of the course is broken down into four specific ob-
jectives, which fall within different facets of this development:
a) Learning about the original sources on which knowledge of
mathematics in the past is based. This involves reading and in-
terpreting a selection of classical mathematical texts, as well as
learning how to locate and use historical literature or historical
online resources. b) Recognizing the most significant changes in
the discipline of Mathematics; those, which have influenced its
structure and classification, its methods, its fundamental con-
cepts and its relation to other sciences. c¢) Showing the socio-
cultural relations of mathematics with politics, religion, philos-
ophy and culture in each period, and perhaps the most impor-
tant, d) encouraging students to reflect on the development of
mathematical thought and the transformations of natural phi-
losophy.

some by the students, and others by the teacher, with
a part of reflection and debates for clarifying ideas.
We present the most important historical periods in
six topics: 1) Mathematics in antiquity; 2) From Ar-
abic science to the Renaissance; 3) The birth of mod-
ern mathematics; 4) Contributions prior to calculus;
5) Conceptual Development of Calculus in the 18"
century and, finally, 6) Arithmetization and rigor-
ous formulation of the Calculus. Every week in the
classroom, we carry out an activity using original
sources following a script of questions on the sub-
ject, with the intention of clarifying the doubts and
problems that may have arisen and reflect togeth-
er on the development of mathematical thought in
each historical age.

In the next section, we shall emphasize the
significance of the process of algebraization of
mathematics in the development of mathematics
and then we shall analyze the historical activity re-
producing the implementation of these materials on
algebraization of mathematics and students’ reason-
ing and comments, after analyzing and comparing
the singular geometrical constructions by Viéte and
Descartes.

The significance of algebraization of mathematics

The process of algebraization in mathemat-
ics was mainly the result of the introduction of al-
gebraic procedures for solving geometrical prob-
lems that enabled two fundamental transforma-
tions in mathematics to occur: the creation of what
is now called analytic geometry and the emergence
of infinitesimal calculus (Mahoney, 1980; Mancosu,
1996). These disciplines became exceptionally pow-
erful when the connections between algebraic ex-
pressions and curves, and between algebraic opera-
tions and geometric constructions, were established.

Viete in his In Artem analyticen Isagoge
(1591) used symbols to represent both known and
unknown quantities and was thus able to investigate
equations in a completely general form. Viete intro-
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duced specious logistic, a method of calculation
with “species”, the kinds or classes of elements, so
that the symbols of this analytic art (or algebra)
could be used to represent not just numbers, but
also the values of any abstract magnitude. Moreo-
ver, he introduced a new analytic algebraic method
that allowed problems of any magnitude, numeri-
cal or geometric, to be dealt with, and he used as
a tool his new symbolic language. Viéte divided his
new analytical procedures into three stages; the first
stage consisted of transforming the problem into
one equation composed of known and unknown
quantities (zetetics). In the second, he tested the cor-
rectness of any stated theorem by means of equa-
tions (poristics). The third stage, which was the most
important to him, consisted of displaying the value
of the unknown quantity, thus solving the equation
(exegetics). The goal of his analytic art (also called al-
gebra) was to solve all problems. Viete sums up his
ideas at the end of the Isagoge:

Finally, the analytic art, endowed with its
three forms of Zetetics, Poristics and Exegetics,
claims for itself the greatest problem of all, which is
TO LEAVE NO PROBLEM UNSOLVED.®

Viete showed the usefulness of algebraic pro-
cedures for solving problems in arithmetic, geome-
try and trigonometry (Viete, 1591; Giusti, 1992; Bos,
2001; Massa Esteve, 2008; 2012a; Oaks, 2018).

As Vieéte’s and Descartes’ work came to prom-
inence at the beginning of the seventeenth century,
some authors began to consider the utilization of al-
gebraic procedures for solving all kind of problems.
According to Mahoney (1980), this new algebra-
ic thought had three relevant features: the use of
a new symbolism that not only abbreviated no-
tation, but it acted as a powerful tool for opera-
tions; an emphasis on mathematical relations,
rather than on mathematical objects; and abstrac-
tion, which meant the freedom from a mere phys-

8 Denique fastuosum problema problematum ars Analytice,
triplicem Zetetices, Poristices & Exegetices formam tandem
induct, jure sibi ad rogat, quod est, NULLUM NON PROBLEMA
SOLVERE (Viete, 1591: 9r).

ical representation. In fact, this passage from a geo-
metrical mode of thought to this algebraic one was
characterized by Mahoney (1980: 141) as “the most
important and basic achievement of mathematics at
the time”.

However, as mathematicians used differ-
ent and complicated notations, the new analyti-
cal methods derived from the algebraic analysis of
Viete were not considered a well-founded new sci-
ence, even though they constituted a very powerful
tool for calculation in comparison with classical ge-
ometry. Therefore, this process of algebraization of
mathematics, which involved a change from a pre-
dominantly geometrical way of thinking to a more
algebraic or analytical approach, was slow and ir-
regular. In that period, Latin translations of Greek
texts recovered classical mathematical thought. At
the same time, in some mathematical works authors
introduced algebraic procedures. These procedures
were very productive, although their significance
sometimes contradicted the understanding of clas-
sical techniques. Not all mathematicians adopted al-
gebraic procedures during this period: some consid-
ered these new techniques and symbolism as “art”
and tried to justify them according to a more “clas-
sical” form of mathematics; others disregarded al-
gebra because their research evolved along other
paths. Eventually, a few mathematicians accepted
these new techniques as an additional tool in their
mathematical procedures. (Pycior, 1997; Massa Es-
teve, 2001).

In spite of these few tendencies, with the
dissemination of the works by Viete, Fermat and
Descartes during the seventeenth and eighteenth
centuries, the symbolic language and algebraic pro-
cedures were applied in different fields and the ways
for resolving problems and the process of alge-
braization of mathematics became practically com-
plete (Bashmakova & Smirnova, 2000; Katz & Par-
shall, 2014).
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Using original sources in the classroom:
the algebraization of mathematics

Now we present the activity implemented in
the classroom of undergraduate students of math-
ematics, within the framework of the algebraiza-
tion of the seventeenth-century mathematics, which
contains singular geometric constructions used for
solving equations. This activity consists of three
parts: first, a brief resume of the previous historical
sessions of the theme two of the course. Second, the
presentation and comparison of the geometrical jus-
tifications developed by Viéte and Descartes in their
works using original sources, and, finally, the analy-
sis of students’ reflections and debates on the mean-
ing of the algebraization of mathematics in answer-
ing some prepared questions by the teacher.

Precedents. First Geometrical Justifications

We begin the activity in the theme 2, “From
Arabic Science to the Renaissance” introducing the
rhetorical treatment of equations by Arabic Science.
This part is a necessary reminder for students in or-
der to understand the relevance of the algebraization
of mathematics. This is followed by a brief overview.

We then remind the students of the treatise
Al-kitab a-lmukhtasar fi hisab al-jabr wa’l-muqa-
bala (c. 813) by Mohamed Ben-Musa Alkhwarizmi
(780-850), which describes different kinds of equa-
tions using rhetorical explanations without sym-
bols. His geometrical justifications of the solutions
of equations with a numerical example use squares,
rectangles, and bases in classical geometry (Al-kh-
warizmi, 1986; Parshall, 1988; Romero et al., 2015).
We also remind the students that later, when Leon-
ardo Pisano (1170-1240) (known as Fibonacci) ex-
pressed rhetorically these Arabic rules in his Liber
Abaci (1202), he used the “radix” to represent “the
thing” or an unknown quantity (also called “res” by
other authors) and the word “census” to represent
the square power of the unknown. Fibonacci also
made the same justification of quadratic equations
as did the Arabic algebras with squares and rectan-
gles (Sigler, 2002).

This rhetorical language continued to be used
in the early Italian Renaissance, in several algebraic
works such as the Summa de Arithmetica, Geome-
tria, Proportioni e Proportionalita (1494) by Luca
Pacioli (1445-1514) (Hoyrup, 2010; Parshall, 2017).
Later, we remind the students of other Renaissance
algebras, such as Artis Magnae Sive de Regulis Alge-
braicis (1545) by Girolamo Cardano (1501-1576)
and Quesiti et Invenzioni Diversae (1546) by Nic-
colo Tartaglia (1500-1557) (Heeffer, 2006). Almost
all these writers made similar representations or jus-
tifications of the quadratic equations using squares,
rectangles, and cubes (Stedall, 2011). For example,
see the geometrical justification using numerical co-
efficients by Cardano, in his Artis Magnae quoting
Euclid’s Elements (Figure 1).

Carpvt V.

Offcndit aftimationern Capitulorum com-
pefisorum minorsm, qus [ant gua-
dratorum, numeri, € rers.

DeMoNsTRATIO.

1 S It quadratam fd & 6. res (gratia
exempli ) zquale 91. tunc producam

d b-&d g, quz fint 3. dimidium §. numeri-
rerum, & complebo quadratum dg b, in-
acque productis ¢ g & cbperficiam quadia-.
tum a fec, prout in-Quarta fecundi Ele-
mentoram ,-quia igiturd bdudtain abex
diffinitione fecundi. Elementorum producit:

a d, & ex numera quolibetinrei zftimatio-

Figure 1. Artis Magnae (Cardano, 1545: 229).

We emphasize to students that one of the first
authors to question these geometrical justifications
of squares and rectangles was Pedro Nufez (1502-
1578) in his book Libro de algebra en arithmética y
geometria (1567). After showing the same classic ge-
ometrical justifications, Ntfez claims:
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“While these demonstrations of the last three
rules are very clear, the adversary will be able to
prevent, saying that in the demonstration of the
first one we presuppose that a ‘censo’ (x*) with
the ‘things’ (bx) in any number that they be, can
be equal to any number (n), taken number as we
have defined at the beginning of this book, and
that this assumption is not true. Therefore, it will
be necessary to demonstrate it

After this statement, we explain that Nunez
proceeds by introducing new geometrical construc-
tions of the solution of the quadratic equation (Mas-
sa Esteve, 2010). The difference with the classical
demonstrations is remarkable. In these new con-
structions, the solution is represented by a line that
is expressed and constructed from the other lines
and that finally is identified with a number (a val-
ue) by means of the rule of resolution of the quad-
ratic equation. In fact, in classical demonstrations
the solution of the equation is part of the reasoning
of the construction, without questioning whether
this solution exists, which leads us to conclude that
it is rather a justification of this rule of resolution.
On the other hand, Nuifez justifies the construction
with Pythagorean Theorem from Euclides’ Elements,
1.47 (Heath, 1956: 349) and binomial theorem, 11.4
(Heath, 1956: 379-382) and proceeds to prove the
exactness of the resolution rule with a numerical ex-
ample, quoting explicitly Euclides. Although Nuiez
was a pioneer in introducing new geometrical con-
structions, we draw attention to students that the
more singular ones will occur later, as we will ana-
lyze below in the second part of the activity im-
plemented in the classroom.

9 Mis estas demostraciones de las tres reglas postreras puesto
que sean muy claras, podra el adversario impedir, diciendo, que
en la demostracion de la primera presuponemos que un censo
con las cosas en cualquier numero que ellas sean, pueden ser
iguales a cualquier numero, tomado nimero como habemos
definido en principio de este libro y que este presupuesto no
es cierto. Por lo cual serd necesario demostrarlo. (Nufiez, 1567:
14r).

Comparing Geometrical Demonstrations
from Viéte’s and Descartes’ work

We continue with the second part, already in
the theme 3, “The birth of modern mathematics”,
introducing first Viete’s work. We emphasize that
the publication in 1591 of In Artem Analyticen Isa-
goge by Viéte constituted a step forward in the de-
velopment of a new symbolic language. Viete uses
the vowels (A, E, I, O, U) to represent the unknowns
and the consonants to represent the known quanti-
ties. Moreover, we explain to students how Viéte in-
troduced a new analytical method for solving prob-
lems in the context of Greek analysis. We reflect
with students about this algebraic method of analy-
sis that allowed for solving the problems of any mag-
nitude dealing with lines, planes, volumes or angles.

In fact, we explain to students that Viete
solved equations geometrically using the Euclide-
an idea of proportion: proportions can be converted
into equations by setting the product of the medians
equal to the product of the extremes (Viete, 1591:
2). This Vieéte’s principle was taken directly from Eu-
clid’s Elements VII.19. (Heath, 1956: 318-320). Viete
affirms in the chapter 2 of Isagoge: “And so, a pro-
portion can be called the composition (constitutio)
of an equation (aequalitatis), an equation the resolu-
tion (resolutio) of a proportion”'

In 1593, Viete published Effectionum Geo-
metricarum canonica recensio, in which he geomet-
rically constructed the solutions of the second-and
fourth-degree equations and used this principle to
solve a geometrical problem." In the classroom, we
present Viete’s claims relating to the quadratic equa-

10 Itaque proportio potest dici costitutio aequalitatis. Aequali-
tas, resolutio proportionis (Viéte 1591: 4v).

11 The idea of constructing and founding the root as a line to
prove the solution of a quadratic equation can be found in few
algebraic texts of the sixteenth century. Bombelli, for instance,
gave a geometrical construction in the fourth book of his Alge-
bra (1572), using rhetorical language, with explicit reference to
an arithmetic problem solved in the third book (Bombelli, 1966;
Massa Esteve, 2006).The main differences between Bombelli’s
and Viéte’s procedure is that the former used known quantiti-
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tion (x*+ bx = d*) and how Viete solved a geometri-
cal problem with a singular construction (see Figure
2). In this construction, Viéte set up the quadratic
equation A quadratum plus B in A, aequari D quad-
rato by means of a proportion (A + B) : D =D : A,
using Viete’s principle.

D

Figure 2. Viete's construction of three proportional
(Viete, 1646: 234).

Viete’s geometric construction of the lines
B, D satistying this equality is set out in Figure 2.
Viete used the height theorem from Euclid’s Ele-
ments, V1.13 and a similar figure to the figure for
this theorem in Euclid’s Elements, without explic-
itly quoting; however, we remind the students of
this theorem and prove it.!* Viéte draws FD = D
and GF = B, making a right angle, and divides B
by half AF = B/2. Viete applies the Pythagorean
Theorem 1.47 (Heath, 1956) for expressing the
hypotenuse of the triangle. He describes a circle
whose radius is equal to AC, which we can iden-
tify with the hypotenuse of the triangle formed by
B/2 and D, AD = AC= [(B/2)? + D?] 2. The solu-
tions are then the segments (unknown)
FC = AC — AF and BF = BA + AF which take
BA = AC = radius (Massa Esteve, 2008). In Viete’s
words:

es (numbers) in the geometric construction and the latter used
symbolic language and also Euclid’s theorems in the proof.

12 Theorem VI1.13. The two given straight lines to find a mean
proportion (Heath, 1956: 216).

“Proposition XII. Given the mean of three pro-
portional magnitudes and the difference between
the extremes, find the extremes. [This involves]
the geometrical solution of a square affected by a
[plane based on a] root [A2+BA=D2]. Let FD be
the mean of three proportional [=D] and let GF
be the difference between the extremes [=B]. The
extremes are to be found. Let GF and FD stand
at right angles and let GF be cut in half at A. De-
scribe a circle around the center A at the distance
AD and extend AG and AF to the circumference at
the points B and C. I say that what was to be done
has been done, for the extremes are found to be BF
[A+B] and FC [=A], between which FD [=D] is
the mean proportional. Moreover, BF and FC dif-
fer by FG, since AF and AG are equal by construc-
tion and AC and AB are equal by construction.
Thus, subtracting the equals AG and AF from the
equals AB and AC, there remain the equals BG
and FC. GF in addition, is the difference between
BF and BG or FC, as was to be demonstrated.”*?

Then we emphasize that the basis of Viete’s
geometrical construction procedures is the identifi-
cation of terms of an equation, both known and un-
known quantities, as terms of a proportion, or pro-
portional lines through the height theorem. After
analyzing Viete’s geometrical construction, we pose
some questions to the students to clarify their ideas
and help them to reflect on the meaning of this geo-
metrical construction (see the third part below).

The other singular example that we analyze
in this activity is the geometrical construction in a
quadratic equation found in La Géométrie (1637)
by Descartes. In the classroom, first, we explain the
significance of Descartes’ work and we describe the
contents of the three books in La Géométrie. We be-

13 Propositio XII. Data media trium proportionalium & diffe-
rentia extremarum, invenire extremas. Sit data FD media tri-
um proportionalium, data quoque GF differentia extremarum.
Oportet invenire extremas. Inclinentur GE FD ad angulos rec-
tos, & secetur GF bifariam in A. Centro autem A intervallo AD,
describatur circulus, ad cujus circumferentiam producantur
AG, AEF in punctis B, C. Dico factum esse quod oportuit. Extre-
mas enim inveniundas esse BE, FC inter quas media proportio-
nalis est FD. (Viéte, 1646: 234).
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gin Book I describing the creation of an algebra of
segments by Descartes and showing how Descartes
adds, multiplies, divides and calculates the square
root of segments with geometrical constructions. We
emphasize the use of Tales Theorem for the product
of segments, the introduction of the segment unity
for the operations between segments and the height
theorem for the extraction of the square root.

Next, we show how a quadratic equation (x2
= bx + cc) may have been solved geometrically by
Descartes, reproducing the singular geometric con-
struction (see Figure 3):

“For example, if I have 2 =az+ bb, 1 construct
a right triangle NLM with one side LM, equal to
b, the square root of the known quantity b4, and
the other side, LN equal to g, that is, to half the
other known quantity which was multiplied by z,
which I assumed to be the unknown line. Then
prolonging MN, the hypotenuse of this triangle, to
0O, so that NO is equal to NL, the whole line OM
is the required line z. This is expressed in the fol-
lowing way: z = % a + (% aa + bb)">7"

."""'*-... I
L M

Figure 3. Descartes’ geometrical construction
(Descartes, 1637: 302).

14 Car sifay par exemple 2”0 az + bb ie fais le triangle rectangle
NLM, dont le costé LM est esgal a b racine quarrée de la quan-
tité connue bb, & lautre LN est 1/2a, la moitié de l'autre quantité
connue, qui estoit multipliée par z que ie suppose estre la ligne
inconnue puis prolongeant MN la baze de ce triangle, iusques
a O, en sorte quUNO soit esgale a NL, la toute OM est z la ligne
cherchée. Et elle sexprime en cete sorte z e 1/2 a + ( % aa + bb)'?
(Descartes, 1637: 302-303).

In the classroom, we could make some
reflections with the students after analyz-
ing Descartes’ geometrical construction. Note
that the symbolic formula appears explicitly in
Descartes’ work. His geometrical construction
corresponds to the construction of an unknown
line in terms of some given lines without nu-
merical coefficients. Therefore, the solution of
the equation is given by the sum of a line and a
square root, which has been obtained using the
Pythagorean Theorem. However, Descartes ig-
nores the second root, which is negative, and he
does not claim that this geometrical construc-
tion could be justified by Euclid’s Elements II1.
36 where the power of a point with respect to
a circumference is shown (Heath, 1956: 75-77).

Questionnaire and Students’ Reflections

The third part of this activity is more inter-
esting for the formation of the mathematicians’
thought. We make questions for comparing the two
geometrical constructions and reflect on the rela-
tionship between algebra and geometry.

Reproduce Viéte’s geometrical construction
and explain the procedure; could this geometri-
cal construction be used for any quadratic equation?
Give reasons.

What about negative solutions?

How are the Pythagorean and the height the-
orem used?

Explain their relationship with the solution of
the equation.

What is the main difference between Viete’s
geometrical construction and the Euclidean one?

The questions posed to students for the ge-
ometrical construction by Descartes are similar to
those of Viete. Moreover, students may also reflect
on the meaning of both constructions.

The differences with Viéte are relevant be-
cause Descartes explicitly writes in the margin
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“how to solve” the equations, referring to an al-
gebraic expression (equality), but making a geo-
metrical construction for solving the equation.
Viete, by contrast, solves a geometric problem on
proportions with a geometric figure in which the
proportion is identified with an equation. Anoth-
er relevant subject to consider with students is the
analytical and/or synthetic approach used in each
construction. Other questions that we have dealt
with in this activity are:

What geometrical reasoning did the author
use?

What is the role of the Pythagorean Theorem
in solving the quadratic equation?

What is the relation between this construc-
tion and the algebraic solution of the quadratic
equation?

All these questions enable students to consid-
er the solution of quadratic equations from a ge-
ometrical point of view.

Nevertheless, in our activity we focus on oth-
er students’ reflections answering questions about
the relationship between algebra and geometry. In
fact, we reflect on the introduction and systematic
use of abstract symbols, which had a profound ef-
fect on the development of mathematics. Mathe-
maticians began to do the work that focused on the
patterns and objects exhibited in the symbols them-
selves, as well as in the objects that had originally
been entered to symbolize. Somewhat previously
separate research objects could be grouped togeth-
er when they could be managed by the same sym-
bols. The symbolic representation made it easier to
develop general arguments and apply them to broad
classes of problems. Therefore, we ask our students:
Can we say that geometric reasoning reaches its full
potential by relating algebra to geometry? Here is
the answer of one student:

“Thus, the tool that emerges from the fusion of al-
gebra and geometry made it possible to select the

best properties of both sciences. From the first (al-
gebra), the optimization of the treatment of math-
ematical concepts, dissipating the need to rep-
resent the respective procedures and results of a
demonstration, and at the same time, have more
information, intrinsic in the proper symbolism.
From the second (geometry), the possibility of vis-
ualizing in a particular case the object studied al-
gebraically, and at the same time have a large num-
ber of properties that could use as an axis or com-
plement to a proof. But this is not all, this com-
bination not only allowed for the construction of
the mentioned method, but also catalyzed a much
more effervescent development of both sciences
and, consequently, the creation (to be constructed
later) of new fields of study within mathematics,
as would be the case of analytical geometry or the
convulsion that trigonometry triggered in the sev-
enteenth century” (student 1).

The second example is by another student
that commented on these questions: What did this
fusion of algebra and geometry represent to the
mathematicians? What made this fusion possible?
More analytical methods? The generalization of the
results? More “rigorous” proofs? The students an-
swer was as follows:

“First, it (the fusion of algebra and geometry) al-
lows a passage from a particular case to a gener-
al one. Understanding the six equation cases as
simply the first or second degree equation with
positive, negative or zero coefficients, which in
some cases can be viewed geometrically but in
others not, and have positive, negative solutions,
and sometimes not in any case (complex case),
makes the process of abstraction and generaliza-
tion very important. Second, the appearance of
new problems without geometrical relation (nega-
tive lengths, even negative roots...). Algebra is the
overcoming of mathematics as a science that can
only make sense in nature, the first path to ab-
stract thinking that develops rapidly with the ana-
lytic method and the emergence of the symbol and
notation as a way of working” (student 2).

These examples show that students can un-
derstand the fusion of algebra and geometry, with
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the advantages of this combination for the develop-
ment of mathematics, as well as prompting reflec-
tion on the relationship between algebra and geom-
etry through history.

Concluding Remarks

Regarding the students’ reflections, we can af-
firm that our students are able to comprehend the in-
fluence of linking algebra and geometry in the trans-
formations of mathematics in the seventeenth centu-
ry, represented by the introduction of negative num-
bers, trigonometry, logarithms, and the use of the in-
finite. Therefore, we can continue the research asking
ourselves: What conceptual changes helped to pro-
duce the algebraization of mathematics? How could
other disciplines have influenced these transforma-
tions? What was the situation with regard to the foun-
dations of mathematics?

We can also conclude that these kinds of activi-
ties are very rich in terms of the competency-based
learning, as they allow students to apply their knowl-
edge (algebra and geometry) in different situations
and from different points of view, rather than repro-
duce exactly what they have learned. In addition, they
help students to appreciate the contribution of differ-
ent cultures to the knowledge of and the transforma-
tion of mathematics.

An important part of this activity is devoted
to geometry which is a relevant subject for the math-
ematical formation at the bachelor’s degree level of
mathematics. Geometry has a great visual and aes-
thetic value and offers a beautiful way of understand-
ing the world. The elegance of its constructions and
proofs makes it a part of mathematics that is very ap-
propriate for developing the process of reasoning of
students and providing proof, as well as for incorpo-
rating geometrical constructions as a part of the heu-
ristic in solving problems.

Geometric proofs have a great potential for re-
lating geometrical and numerical reasoning in some
of the activities proposed, and geometrical and alge-

braic reasoning in some others. In this way, we can es-
tablish connections among numbers, figures, and for-
mulas, i.e., calculations, geometric constructions and
algebraic expressions. Algebra provides the rules for
solving the equations and geometry contributes with
singular geometrical constructions to the justification
of the exactness of these rules.

In addition, there are more good reasons to
study these geometric solutions of the second-de-
gree equation. For students who tend to focus visual-
ly, rather than symbolically, studying the demonstra-
tions of these geometric solutions by comparing them
to geometric justifications by completing a square, can
make the involved algebraic procedures more mean-
ingful.

The activity is structured to be suitable for class-
room use, with attention to original sources on geo-
metrical constructions offering lessons in both his-
torical and mathematical interpretation. As for math-
ematical ideas put to practice in this activity, we have
to mention the use of the height theorem, Pythagoras’
theorem, Thales’ theorem and the power of a point
with respect to a circumference. Once again, we em-
phasize the importance of knowing some geometric
theorems from the year 300 BC,, either by underlying
mathematical ideas or by their usefulness in geomet-
ric constructions and in the justification of algebra-
ic expressions of an equation. Making and comparing
these geometrical constructions helps our students to
develop both analytic and synthetic reasoning and to
improve their mathematic knowledge. In addition,
the students’ analysis and reflections on these histori-
cal geometrical constructions using algebraic expres-
sions show us a rich source of ideas on the relationship
between algebra and geometry throughout history.

Finally, we wish to add that through this activ-
ity students learn that at the end of the process of the
algebraization of mathematics, algebra and geometry
became complementary and that it was from the co-
ordination and conjunction of both branches that new
fields of mathematics developed on the path to mod-
ern mathematics.
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[Nonurexnnuku yausepsuteT y Karanounju, Karenpa 3a MareMaTuky,
HenTap 3a ucTpaxmpame UCTOPHje TEXHNIKNX HayKa, bapcenona, Illnanuja

AJITEBAPU3AIINIJA MATEMATUKE:
KOPNITREILE OPUTMHATHNX U3BOPA Y HACTABU MATEMATUKE

ITosnasarve ipoyeca Koju cy ce 0géujanu y uciiopuju matiemaiiiuke 8pso je KOpucHo 3a domwe
u HothilyHuje pasymesarve 0CHO8a maillematiiuke U came weHe fpupoge. AKIUSHOCTIU 3ACHOB8AHE
HA AHAZIU3U BANCHUX UCTHOPUJCKUX U360paA JoTipUHOCe c6e0dyXeattiHujof uputipemu citiygeHaiiia dy-
gyhux nacitiasnuka mailiemaiiuke, WAKO WO UM UPYHAjy gogatlina 3Hatba Y 6e3U ca gpyulitiee-
HUM U HAYYHUM KOHIUleKCIiuMAa iepuoga xoju cy upegmeiti ipoyuasared, Jox ce mMailieMaiiuxka
MOXMe CMATHPATHY UHITeNIeKIYANTHOM aKilueHowhy 3a pewiasatrve ipodnema c60jciil8eHUX CBAKOM
iepuogy. Viciiopuja nam tiokasyje ga ce gpywiitiea pazeujajy saxeamyjyhu genosary Hayke, a ma-
wemaiuka je cywinuHcku geo wioi ipoyeca. uitlare cilapux MamleMaluuKux iexkciiosa omo-
iyhasa nam ga Some cxeamliumo Kako mailieMaiuka Huje 10ii08 Upoussog, éeh je guHamuumad,
KOPUCHA, XYMAHA, UHTHEPGUCUUTNUHAPHA U XeYPUCIUUYKA HAYKA KOja ce pa3eujanda Kpo3 Hatiope
ga ce peute tipodnemu ca KOjUMA ce H06e4AHCTHB0 CYOHABATIO KPO3 UCTHOPUSY.

Humw osoi paga je ga ananuszupa, y okeupuma aniedapusayuje matilematiiuke, pesyniiaiie
ipumene jegHe HaciliasHe AKMUBHOCTIU HA YACOBUMA UCTHOPUje MallleMailiuKe 3a CillygeHiie oc-
HOBHUX Cllyguja mattiemailiuxe Y K0joj ce iojequHe Teomeilipujcke KOHCIPYKIUje Kopucilie 3a pe-
uiasaroe jegHavuna.

Aniedapuzayuja mattiemaitiuke Susna je KvyuHu ipouyec y wparchopmayuju maiiemaimiuxe
y 17. 6exy, ©1010ii080 axo y3memo y 0d3up rweHe gee Suilive Kapaxiliepucitiuke: cilieaparbe HO80T
cumdonuukoi jesuxa u ysohere ananuiliuukoi meitioga 3a peuiasaroe MalieMamiuukux upodnema.
3atipaso, odjasmwusarwe 1591. iogune gena Pparcoa Bujeitia (1540-1603) itog nasueom In Artem
Analyticen Isagoge, ipegcitiaspano je kopak Haipeq y ipouecy pazsoja cumdonuukoi jeauxka u ana-
NUBUYKOT Meitioga 3a pewiasaree mattiemattiuukux ipodnema. Y kacuujem iiepuogy, Iljep Pepma
(1601-1665) Suo je jegar og mattiematfiutapa Koju cy Kopucitiunu o8y aniebapcky aHanusy 3a pe-
wasarve ieomeitipujckux upodnema. Ha tipoyec aniedpausavuje najeuute je yitiuuao Pene [lexapiii
(1596-1650) koju je geno tiog Hazueom La Géométrie odjasuo 1637. iogune, kao gogaiiax gpyiom
geny, Discours de la Méthode. IIpoyuasarwem tiopexna HonUHOMA U jegHauUHA Koje ce Ha HUX 0g-
Hoce y OK8UpPYy uciliopuje ieomeitipujcKux KOHCIIPYKyuja 3a peuiasarve jegnaduna ciliygeniviu ma-
iwemaifiuke, any U y4eHUuyu cpegroux wikona, Hauhu he na genose y xojuma he casnamiu Hewiio
HOB0 U UOY4HO.

Y osom pagy upegcitiasmena je jegna HAciliasHa aKlUBHOCT, cMmeuitiena y okeupe anieda-
pusavuje matiemaitiuxe u3 17. 8exa, Koja cagpxcu tiojeguHaure ieomeipujcke KOHCUPyKyuje 3a
peuiasarve jegHavuna. AKUEHOCI je HpuMereHa Ha YACO0BUMA OCHOBHUX Cillyguja Mailiematiiuxe.
IIpso otiucyjemo u tiopegumo, Kopuciiiehu opuiunanHe uciiopujcke u3sope, 00pasnoxeroa 3a pe-
uietba 1eoMetllpujcKux 3agatiaka Koja cy y ceojum geauma usnoxcunu Bujei u Jlexapii, a toitiom
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AHATU3UPAMO CIia606e CillygeHalla o 3Havery aniedapusayuje maiemaiiuke Koje cy UsHenu y
0giosopuma Ha Uuiliarea Koja je upuipemuo HacilasHux.

Ocum wioia, y pagy tiokasyjemo ga ciilygeHiiu iiako Some pasymejy ynoiy Kojy ogHoc usmehy
aniebpe u leomeitipuje uma y pa3eojy maitiemaiiiuxe, Wilio um iomaxe ga yHatipege c60ja maitiema-
wiuuka suarwa. Hajsnauajuuju pesyniiamiu godujenu cy us ogiosopa ciiygenaia. Cacitiasmwarve u
ilopeherve 06X TeOMeMPUJCKUX KOHCTUPYKUUja Takohe tiomasce cliygeHTUMA ga pas3eujy aHanu-
WUYKO U CUHTHLETIUYKO Pe30H08atrbe, KA0 U ga YHaiipeqe c60ja mattiemaiiuyka 3narea. Ilopeq iioia,
cliposegera aHanu3a u Ciiasosu CiliygeHaiia 0 UCTUOPUJCKUM TeOMeTUPUjCKUM KOHCTUPYKUUjama
Hacimanum kopuwhervem aniedapckux uspasa upyxajy Ham 6oiaili U360p ugeja y 6e3u ca 0gHOCOM
usmehy aniedpe u ieomeitipuje woxom uciiopuje. Kpos oy axitiusHociii citiygeHiiu y4e ga cy anie-
Opa u Teomeitipuja Ha Kpajy tipoueca aniedapusayuje ociiane KomiiemeHiapHe, tie ga cy tose-
3usarbem U KOOpguHayujom oee gee ipare mailiemaiiuke Haciiiaie Hoee o0naCiiu Koje Cy gosese go
passoja mogepHe maitiemaiiiuxe.

Kmwyune peuu: cegamuaecitiu 8ex, yuere maiiemaiiiuke, aniedpa, ieomeitipuja, aniedapusa-
yuja mailiemaitiuxe.
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