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Summary: Solving Abw’l-Wafa’s problem could be a powerful tool for building and fostering
pedagogical content knowledge of prospective mathematics teachers. The goal of this case study is to
examine if this episode in the history of mathematics would foster the subject content knowledge and
pedagogical content knowledge of a group of prospective mathematics teachers.

Abu’l-Wafa’s problem was presented to five prospective mathematics teachers in the Math-
ematics Teaching Methodology Course. They had to find out at what point of learning geometry
and how to engage pupils to solve this problem, taking into account the question of procedural and
conceptual knowledge in mathematics as well as the important question of the role of proof and ar-
gumentation in mathematics classes. Our case study showed that an integration of the history
of mathematics in education may be particularly relevant for supporting and improving the
pedagogical content knowledge of prospective mathematics teachers.

Keywords: Abu’l-Wafa’s problem, mathematical and pedagogical content knowledge, prospec-

tive mathematics teachers.

Introduction

In the process of education, learners need to
learn about the past and present in order to be able
to perceive the flows of the future. The optimal ra-
tio of the past and present in the educational process
should be determined (Poljak, 1991). Many years of

1 kpjanic@gmail.com

history of mathematics are behind us. Yet, just be-
cause history of mathematics is so extensive, it is
important to be able to single out what is essential
to the content of learning mathematics. Based on
the author’s experience, mathematics teachers are
aware of the principles of historicity, but they gen-
erally understand and apply it in the sense of telling
short episodes about the path of developing a math-
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ematical idea or an anecdote from the life of a math-
ematician. The question arises as to why mathemat-
ics teachers limit the use of mathematics history in
teaching using only these two aspects.

Episode from history of mathematics
in mathematics classes

Research (Ball, 1988; Cooney at al, 1998; Fur-
inghetti, 2007; Philippou & Christou, 1998) suggests
that teachers teach in the manner in which they
were taught. Thus, the teachers’ presentation and
discussion of mathematical concepts are largely af-
fected by their past experience as students. This im-
plies that the teachers who have had relatively lit-
tle or no exposure to history of mathematics during
their secondary and higher education, may perceive
themselves lacking expertise and consequently not
expose their students to the history of mathematics.
Mathematics history is an excellent source of inter-
esting problems that supply opportunities to sharp-
en problem-solving skills (Swetz, 1986). History of-
fers diverse approaches, as well as a variety of algo-
rithms and techniques for solving similar problems
that allow students to develop skills such as consid-
ering multiple strategies and evaluating both solu-
tions and procedures. Using historical problems in
instruction can bring up related problems, thereby
stimulating further mathematical explorations and
discussions. History is full of mathematical connec-
tions: connections between mathematical topics,
connections between mathematics and applications,
connections between mathematics and other disci-
plines. In addition, history is full of mathematical
connections across centuries, cultures, and regions

of the globe.

As Pjani¢ (2019) proposed, solving Abu’l-
Wafa’s problem could be a powerful tool for build-
ing and fostering the subject content knowledge
and pedagogical content knowledge of pre-service
mathematics teachers. Abu’l-Watfa in his treatise On
Those Parts of Geometry Needed by Craftsmen de-

scribed several constructions made with the aid of
ruler “and rusty compass’, a compass with a fixed
angle. These included constructing a perpendicular
at the endpoint of a line segment, dividing the seg-
ments in equal parts, bisecting angles, constructing
a square in a circle, and constructing a regular pen-
tagon (Berggren, 2003).

Problem: Construct at the endpoint A of seg-
ment AB a perpendicular to that segment,
without prolonging the segment beyond A.

As Pjani¢ (2019) demonstrated, the problem
may be solved in different ways. This problem
could be posed to pupils of different age ei-
ther in middle or high school.

We will show the effects of presenting this
problem on the subject and pedagogical
content knowledge of a group of prospective
mathematics teachers.

Methodology

In this paper, we refer to a course of method-
ology of teaching mathematics for prospective math-
ematics teachers in which the episodes from the his-
tory of mathematics were introduced as mediators
of knowledge for teaching. Mathematics Teaching
Methodology Course is a compulsory course in the
fourth year of the undergraduate teacher education
program. The general idea was to offer a role model
for integrating history of mathematics in mathemat-
ics classes.

The goal of this study is to examine if the use
of an episode from the history of mathematics fos-
ters the subject content knowledge and pedagogical
content knowledge of a group of prospective math-
ematics teachers. Specifically, we want to determine
whether the student will perceive different connec-
tions between concepts, whether they will provide
multiple solutions and proofs, how they will create
didactic situations, including the given problem.
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Our study is set in a prospective undergradu-
ate teacher education program at the University of
Biha¢ aimed at specializing in teaching mathematics
and physics or both. The full program lasts four ac-
ademic years; it focuses on mathematics and phys-
ics courses, followed in a much smaller amount of
teaching hours by psychology, didactics, mathemat-
ics education, and physics education. In the sec-
ond year there are courses on the foundations of the
history of natural sciences. However, the history of
mathematics is an elective course in the master pro-
gram. In the undergraduate program, the prospec-
tive teachers spend some weeks in practical training
at elementary and high schools and they are assist-
ed by experienced teachers: at the beginning sim-
ply as observers and afterwards also acting as teach-
ers (they assign tasks, deliver lectures, assess stu-
dents’ performance). All course participants have
no teaching experience.

This integration of history in the methodolo-
gy of teaching mathematics does not require that the
participants’ teaching sequences and didactic situ-
ations should include historical segments; rather it
requires that history should inspire teaching strate-
gies. The phases of the experiment were:

1. Discussion about learning trajectory that
includes notions of bisector, perpendicu-
lar, angle and circle.

2. Presentation of the episode from the his-
tory of mathematics: Abu’l Wafa’s problem.

3. Homework: Students had to analyse the
mathematical programs for elementary
and high school and to look at some text-
books commonly used in elementary and
high schools.

4. Homework: Students had to solve the pro-
blem and design the teaching sequence/
didactic situation that include the problem.
The sequences designed by the prospective
teachers had to fulfill the program requi-
rements and be suitable for the relevant
school level.

5. Discussion among students and confronta-
tion of the produced learning sequences /
didactic situations. In this phase the focus
is on linking different mathematics ideas
and stressing the possibilities of a rich
fundus of mathematics history that can be
used in the process of teaching mathema-
tics.

Results and discussion

During the first phase of the experiment stu-
dents had to check the mathematics program for
elementary and high schools and the related top-
ics in the textbooks and they agreed that teaching
about perpendicular, bisector, angles and circle in
the middle school is focused on developing pupils’
procedural thinking. After the Abu’l Wafa’s problem
had been introduced to five prospective mathemat-
ics teachers during the sessions of the Mathemat-
ics Teaching Methodology Course, they had to do
several tasks for homework. At first, they analyzed
the mathematics program for elementary and high
schools, as well as the textbooks commonly used
in math classes in order to find connections with
the given problem. They found the solutions to the
problem and proposed similar problems. Further-
more, they proposed didactical situations and teach-
ing sequences based on the given problem. The stu-
dents had three working days to submit the home-
work. We will present the students’ solutions and
proposals that were discussed in the fifth phase of
the experiment.

The analyses of the textbooks for elementary
and high school” showed that neither the Abu’l Wa-
fa’s problem nor the similar problems are included
in the textbooks.

All five students solved the problem, i.e., con-
structed the perpendicular at the endpoint of the

2 The list of this textbooks is not a problem of this article, so
we will omit it.
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segment line and proved the construction, in three
ways:

1) Construction of right angle at vertex A
(Figure 1);
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Figure 1. Construction of right angle at vertex A.

2) Construction of bisector of AB and trans-
lation of that bisector to the endpoint A (Figure 2);

Figure 2. Construction of bisector of AB
and translation to the endpoint A.

3) Abu’l Wafa’s solution with proof in terms of
central and peripheral angle of circle (Figure 3). Two
students additionally proved Abu’l Wafa’s construc-
tion using the characteristics of the triangle.

AV

Figure 3. Abu’l Wafa’'s solution.

One of the students suggested the fourth so-
lution (Figure 4). This student solved the problem
by using the characteristics of the regular hexagon.

’)

Figure 4. Construction of the regular hexagon.
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Based on their solutions, the students pro-
posed that Abu’l Wafa’s problem could be posed
to the middle grade pupils when they learn about
the construction of the perpendicular, bisector
and right angle, and also when they learn transla-
tion. They proposed that the next problem could be
posed to middle school pupils as an auxiliary prob-
lem: Construct the perpendicular at the endpoint of
given segment line. The condition of not extending
the segment line beyond the end point is omitted
here. Figure 5 illustrates one of the solutions of the
auxiliary problem.

/ I

Figure 5. Solution of the auxiliary problem.

As the goals of solving this task in middle
school, the students emphasized practicing the con-
struction of perpendicular, right angle or translation
(developing procedural knowledge), but also rein-
forcing conceptual knowledge about those geomet-
ric notions. On the other hand, all five students sug-
gested that Abu’l Wafa’s problem gives an opportu-
nity to high school pupils to practice argumentation
and proof. However, they were not sure how to in-
corporate Abu’l Wafa’s solution in the teaching pro-
cess at the high school level. During the discussion
phase, the students agreed that a learning situation
in high school could be created in such a manner
that teacher present the Abu’l Wafa’s problem and
ask pupils to solve it. The students assumed that the
high school pupils could not link the solution of
the problem to the central and peripheral angles by
themselves. Accordingly, they suggested that teach-

ers should present Abu’l Wafa’s construction and ask
pupils to prove it. The discussion ended with the fi-
nal remark that the teacher should not rely solely on
the textbook when creating the learning sequence
and didactic situations. Textbook content should be
the starting point to teachers in finding the possibil-
ities of creating learning situations, and the history
of mathematics offers such possibilities.

Conclusion

We argue that integrating episodes of history
of mathematics into the mathematics classes could
be beneficial to pupils as well as to students of math-
ematics education. Rather than become an addi-
tional task, it can be a tool for effective teaching both
in programs of methodology of teaching mathemat-
ics for future teachers as well as in school mathemat-
ics. In our study, prospective mathematics teachers
presented five solutions of the given problem from
the history of mathematics. Furthermore, they pro-
posed didactical situations that include Abu’l Wafa’s
problem.

As previous research suggested, the teachers’
presentation and discussion of mathematical con-
cepts are largely affected by their past experience
as students (Ball, 1988; Cooney et al, 1998; Furing-
hetti, 2007; Philippou & Christou, 1998). Accord-
ing to this, by introducing episodes from the history
of mathematics into the course of Methodology of
teaching mathematics, we have exposed a group of
students to the history of mathematics as the source
of problems upon which we can create a teaching
process. Our case study showed that integration of
the history of mathematics may be particularly rele-
vant to support and improve didactical background
of prospective mathematics teachers. Namely, stu-
dents who participated in the study succeeded to
perceive different connections between concepts,
provided multiple solutions and proofs and created
didactic situations, including the given problem.
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Mathematics teachers need to find a “right to promote such mathematical culture among their
measure” in teaching paying attention both to per- pupils. Using episodes from history of mathemat-
forming mathematical procedures as well as to give ics could help teachers to accomplish this (Pjanic,
explanations, argumentations and proofs. They have 2019).
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Kapwmenura X. ITjanuh

I[Teparouku ¢paxyntet, YauBepsuret y buxahy, bocna n Xepuerosuna

YIIOTPEBA ITPOBJIEMA ABYJ/I-BE®E 3A ITOJCTUIHABE METOOMYKOI 3HAIBA
BYOYRNX HACTABHUKA MATEMATUKE

Hactnasnuyu matiemaitiuke mopajy ga casnagajy mailemaiiuuxe cagpicaje, Kao u ga citllex-
Hy tlegaiouika 3Hara Koja he um omoiyhuitiu ga ciieapajy okpyxcere y Kojem he yuenuyu yuuitu
Ha Hajdomu u HajepuxkacHuju Hauun. Y Haciiasu mattiemaitiuke 6axHo je ga kog yueHuxa 0ygy
ilogjegHaKo passujera KoHueniyanHa u upovuegypanta snarwa. Haciiasnuyu maiiemaitiuke iipe-
da ga nahy ,upasy mepy“y viogyuasarwy u ga tioceeiie Uaxry Kako ussohery maieMamiu4Kux
dociiyiaka, wako u gasawy odjauirverva, apiymenaiia u gokasa (Pjanié, 2019). Yipaeo wiakey
MmatlileMaliuuKy Kynilypy HaciliasHuyu twpeda ga passujajy mehy céojum yuenuyuma. Y iiome um
mosxce iomohu kopuwherve fiojegurux elu3oga u3 UCIopuje mattiemaiiuxe.

Pewasare tipodnema Adyn-Bepe moino du ga Syge eukacHo cpegcitiéo 3a usipagroy u
Helosarwe Mmellloguukoi 3Hara 6ygyhux HacilasHuka maitiemaitiuke. Y c6om WpaKiiaiiy iog
Hasuseom O genosuma Teomeitipuje Koju cy uotpednu 3anaitinujama (On Those Parts of Geom-
etry Needed by Craftsmen) Adyn-Bega oiiucyje HeKonuko KOHCIPYKyuja HaipasmweHux y3 iomoh
newupa u ,3aphanoi komiaca’, iij. komiaca ca gukcupanum yinom. Y ose KoHcilipykyuje ciiaga
KOHCUIpyucare Hopmase HA Kpajwoj wauku tpase, flogena ceimeHnailla Ha jegHake gesose,
ogpehusare cumeitipane yina, upiarbe Ksagpauia yHymap kpyia u KOHCUUpyucarbe upasunHoi
uetnioyina (Berggren, 2003).

Lumw ose ciliyguje cny4aja je ga uctiuiiia ga nu du 064 efiu3oga u3 uciiopuje maiemaiu-
ke Hogciiakna maieMamiuuka u meiloguuka 3narea ipyiie Sygyhux naciiasHuka maiiiemaiiuxe.
IIpodnem Abyn-Bege tipegcitiasmwen je ipyiu og weimiopo dygyhux naciiasHuxka maitiemaiiuke
imoxom ipegasarea us tipegmeitia Meitioguxa Haciiase maiiemaiiuxke. Excilepumeniti ce cacitiojao
0g Hexonuxo gasa:

- lluckycuja o tnamy yderwa koju odyxeailia ciliuyare 3Hara 0 HOjMOBUMA CUMeTHpaAle,
Hopmarne, yina u Kpyia;

- IIpeseniniayuja Ha iliemy jegHe efiusoge u3 uciiopuje mavemasniuxe: Ipodnem ASyn-Bege;

- Hlomahu 3agatmax: Citiygeniiu wpeda ga aHanu3upajy HaciiaéHe upoipame mailieMaiiuke

30 OCHOBHY U cpeqroy WKOLY U ga tipeinegajy Heke 0g yyudeHuka koju ce 00UUHO KOpUciie Ha 06UM
HUBOUMA;

- llomahu sagatiax: Citiygenitiu iipeda ga peuie oéaj tipodnem u ga tipegcitiase wiok yaca/
gugaxkimiuuky cutiiyayujy y kojy he duttiu yxmwyuen oeaj upodnem. Tox uaca mopao je ga 6yge y
cKnagy ca 3axiiesuma HAciliaéHol Upoipama u upumeper ogpeheHom WKOICKOM HUBOY;

- Huckycuja mehy ciitygenitiuma u yiopehusarve gugakimiuukux cuiiyayuja/moxa 4aca koje
cy apuiipemunu. Y 080j gpasu ¢okyc je Ha Hlose3usarvy pasnuUUiux MAlleMamiuuKux ugeja u Ha
Hainawasary moiyhnocitiu 3a yuouipedy Soiaiiol ¢yHgyca uciiopuje maitiemaiiuke y HACa6U
mattiematiuxe.
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Osa ipytia Sygyhux naciiasHuka wwpedano je ga ollikpuje y KoM Cliagujymy yuerba ieomeiii-
puje u Ha Koju HauuH je ToMipeSHO YKbYUUTHU YueHUKe Y peuiasarbe 0601 tipodnema, y3umajyhu y
0d3up auiiaree UpoyegypanHoi u KoHYeullyanHol 3Harwa u3 mamemattiuke, Kao U 6aiHO UUiliarbe
ynoie gokasa u apiymeniiayuje y Hacilasu maiieMaiiuxe.

Yuecnuyu us citiyguje cnyuaja GoHyguau cy ietil pasnuduiiiux peuierba 3a 3agaiiu upodnem:
KoHcipyucarwe tipasol yina tipu tliemeHy A, KoHciipyucare cumettipane AB u iipancnauuja xa
kpajroj wauxku A, Adyn-Bepumo peuierve — 6e3a uenimipaniol u iepugepHol yina, KOHCTPYKUUja
ipasunnol wecimioyina, iipegnoi u peuierve iomohHol ipodnema Koju je goseo go peuteroa Ady-Ba-
punoi tpodnema.

Y itioky pase Koja je iogpasymesana guckycujy, CillygeHiiiu cy ce croxunu ga Su cuitlyayuja
3a yuerve HA CPegrOUKONICKOM HUB0Y Moina ga Syge Kpeupana waxo ga HACA6HUK TUpegcitiasu
yuenuyuma tipodnem ASyn-Bece, a iioitiom wpasxcu og yueHuxa ga ia pewte. CillygeHiniu cy upeiiiio-
CIlABUNU ga yueHUuUuu cpegroe wikose He MOiy ga tiosedcy peuierve Upobnema ca UeHmPpanHum u ie-
puceprum yinosuma. CxogHo wwome, Upegroxcunu cy ga HacilasHuyu ipeo ipegciriase yueHUUUMA
koHciipykuyujy Adyn-Bede, a onga ga wlipaxce og wux ga je gokaxy.

Hawa ciiyguja cnyuaja ilokasana je ga umitiepakyuja uctiiopuje mattiemattiuxe y (meitiogu-
ukom) odyuasary mosxe ga Syge ocedSHoO penesantiiHa 3a UOGPUIKY U T0S0bULAbE METLOGUUKUX
3Harwa Sygyhux HaciliasHuka maitieMmaiiuxe.

Bygyhu nacitiasnuyu matiiematiiuke KOju ¢y y4ecii608anu y 060j Cllyguju cny4aja yciueuHo
cy youunu pasnuuuiiie 8ese usmehy 1ojmosad, upegciiasuniy cy HeKONIUKO peulerbd U gokasa, guc-
KYioeanu cy o pasnuduiiiumm acileKiiuma upodnema u gosenu ux y 6esy ca moiyhum peuierouma.
Ha kpajy, kpeupanu cy gugaxisiuuxe cutityayuje y Koje je ykoyuen mamiemamiuuxu upodnem Adyn-
Bege.

Kmyune peuu: tipodnem Adyn-Begpe, mailiemaitiuuko u meimioguuxo 3uarve, 0ygyhu naciia-
BHUUU Mathematiuxe.




