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The Equals Sign - the Problem of Early Algebra Learning and How to Solve It

Introduction

One of the most important concepts and
symbols in mathematics is the equals sign. This con-
cept is formed simultaneously with the formation of
the concept of natural numbers, and learning of the
first rules and laws of arithmetic. The correct under-
standing of this concept is crucial for learning and
understanding all mathematical content, especially
algebra. However, a large body of research indicates
various problems that accompany the correct under-
standing of the equals sign (Booth, 1988; Carpenter
& Levi, 2000; Filloy & Rojano, 1989; Freiman & Lee,
2004; Kieran, 1981; Knuth et al., 2006; Marjanovic,
2002; McNeil & Alibali, 2005; Sfard & Linchevski,
1994), which are later reflected on learning algebra.
The importance of the equals sign in mathematics is
best metaphorically summed up by Jones, who says:
“An arithmetic expression is like a film set on which
the numbers are actors, the operators are the script
and the equals sign the director who shouts Action!”
(2006: 6). However, the concept of “equality is a cen-
tral — but sorely neglected — concept in mathematics
education” (Parslow-Williams & Cockburn, 2008:
35).

Theoretical Foundations of the Research

The difficulties related to the misunderstand-
ing of the equals sign in algebra stem from the pre-
carious foundations on which the said concept is
formed in arithmetic learning. Specifically, stu-
dents understand this sign as operational in arith-
metic, i.e. as a sign that signifies the command “cal-
culate” or “ascertain’, instead as a relational sign
that signifies “equivalence” (Baroody & Ginsburg,
1983; 1li¢, Zelji¢, 2017; Kieran, 1981; McNeil & Ali-
bali, 2005). This is confirmed by Parslow-Williams
and Cockburn who notice that “children see ‘=" as
an instruction to complete an operation” (Parslow-
Williams & Cockburn, 2008: 36). Research by Rit-
tle-Johnson et al. indicates that evidence for this
has primarily come from three different classes of

equivalence tasks: (a) equation-solving items, such as
8+4= + 5; (b) equation-structure items, such
asdecidingif 3+ 5=>5 + 3istrue or false; and (c) equal-
sign definition items (Rittle-Johnson, et al., 2011).

Learning arithmetic, students acquire the
habit to observe the left side of the equals sign as the
side that always represents the request for perform-
ing an operation, while the right side solely repre-
sents the result. In consequence, students at this age
often believe that equations, such as 8 = 3 + 5, are
incorrect (Kieran, 1981; Filloy & Rojano, 1989; Car-
penter & Levi, 2000). Similarly, McNeil, et al. (2010)
argue that even high school students interpret the
equals sign differently in “non-standard” equations
(e.g. 3+4 =5+ 2and 7 = 7) with regard to “com-
mon” equations to which they are accustomed (e.g.
3+4=7).

Students’ first reading of the equals sign is of-
ten in the context of the instructions for performing
the arithmetic equation, for example 3 + 5 = 2. This
reading of the ‘process’ of the equals sign often reads
as follows: 3 plus 5 gives 8. When this process is later
understood as a number sentence, the equals sign
often acquires additional meaning, such as is, or is
the same as, or even equals. Reading the equation
3 + 5 = 8 then becomes a number sentence which
reads 3 plus 5 is 8 or 8 is the same as 3 plus 5, which
is an important conceptual change.

The first step in developing the equals sign is
to have students understand the concept of a math-
ematical expression as an object, i.e. an independent
whole. This means that students should not only be
able to see the expression as a process of perform-
ing an operation, but to understand that it can exist
on its own (Freudenthal, 1962; Kieran, 1981, 1992;
Sfard, 1991; Sfard & Linchevski, 1994; Zelji¢, 2014).
Thus, from the mentioned research, Dabié¢ Boric¢i¢
and Zelji¢ (Dabi¢ Bori¢i¢ and Zelji¢, 2021) notice
that if expressions are understood “as processes
(calculating the value of expressions), and not as ob-
jects with a meaning of their own, students will un-
derstand algebraic expressions as evaluation proce-
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dures, instead of mental entities that can be manip-
ulated” (Dabi¢ Borici¢ and Zelji¢, 2021: 31). For ex-
ample, when encountering the expression 8 + 5 for
the first time, a student’s first instinct will be to per-
form the operation, i.e. to determine the value of the
expression and write down the following 8 + 5 = 13.
However, to learn algebra, it is crucial that students
understand and observe the expression 8 + 5 as a
whole which can exist on its own and can be manip-
ulated, same as numbers. Only when the students
are able to understand a mathematical expression
as an independent object can they reach structural
understanding and deeper understanding of the ex-
pression and thus master the concept of equality. In
this regard, the equals sign has a key role as a symbol
that enables such manipulations. However, research
shows that many students lack the flexibility needed
to approach the mathematical structure of the ex-
pression and equations (Van Stiphout et al., 2013).
If the meaning of this concept is not formed prop-
erly, one’s understanding of the equals sign will al-
ways be reduced to the expectation that the result of
a mathematical expression is always located on the
right side of the equals sign (Booth, 1988). There-
fore, an important task of learning arithmetic is to
draw more attention to the formation of the equals
sign concept. Research shows that using appropri-
ate content, created specifically for this purpose, can
help in the correct formation of the equals sign as a
symbol of equivalence (Dabi¢ Boricic¢ i Zelji¢, 2021;
McNeil et al.,, 2015; Parslow-Williams & Cock-
burn, 2008). In modified circumstances where stu-
dents solve simplex expressions which involve addi-
tion and subtraction, for example =4 + 3, the
equals sign should be replaced by words denoting
equivalence: “is equal to”, “is the same as”, “some-
thing is equivalent to something else’, etc.

The solution to this problem can be found in
the use of visual representations, as noted by Dabi¢
Borici¢ and Zelji¢ (Dabi¢ Borici¢ and Zelji¢, 2021),
because they encourage structural conception, mak-
ing abstract ideas more tangible (Fagnant & Vlassis,
2013). As a form of visual representation, schemes

are representations comparable to the drawings stu-
dents make when solving textual (word) problems,
and have a positive effect on solving mathematical
problems (Fagnant & Vlassis, 2013). We provide
several methodological solutions that were applied
in our research which refer to the use of visual rep-
resentations.

Let’s take a simple example of by adding 3 to 2,
I will get 5, using counting sticks that illustrate this
process as a demonstrated equivalence (Figure 1).
By naming the equivalence as 2 plus 3 is the same as
5 (length/size/sum), we begin to establish a number
sentence and the concept of equivalence inherent in
the equals sign.

[¥¥]

2 ||

5

Figure 1. Equality of lengths 2 + 3 and 5
(Ryan, Williams, 2007: 27).

In this way, students are introduced to the
concept of mathematical equivalence - the princi-
ple that the two sides of an equation represent the
same value. Understanding mathematical equiva-
lence is an indicator of a student’s flexibility in pre-
senting and using basic arithmetic ideas, and an im-
portant requirement for understanding algebra (De-
Caro & Rittle-Johnson, 2012; Knuth et al, 2006; Rit-
tle-Johnson et al., 2011). Based on their early expe-
rience in solving mathematical problems where the
equals sign is located at the end of the equation (e.g.
3 + 5 = x), students often mistakenly conclude that
the equals sign is a symbol that indicates a “sum’,
or “provide an answer”. Therefore, when solving
problems which involve operations on both sides
of the equation (e.g. 3 + 5 = x + 2, the problem of
mathematical equivalence), students often add up
numbers on the left side of the equation (E.g. an-
swer is “8”), or add up all numbers (E.g. the answer
is “10”) in keeping with their misconception about
the meaning of the equals sign. DeCaro and Rittle-

28



The Equals Sign - the Problem of Early Algebra Learning and How to Solve It

Johnson imply that “second- to fourth-grade stu-
dents have the computational skills to solve arith-
metic problems but generally have little prior expe-
rience in solving equivalence problems” (DeCaro &
Rittle-Johnson, 2012: 555).

Parslow-Williams and Cockburn propose an
“undo” strategy for the formation of the equals sign
(Figure 2). The strategy is based on the materializa-
tion of mathematical notation and manipulative ac-
tivities of borrowing and regrouping in subtraction.

The large-scale presence and breadth of
meaning of the equals sign at all levels of mathemat-
ics education underscores its importance. The con-
cept of the equals sign and its symbolic meaning is
introduced in the junior grades of primary school,
while in senior grades this concept is given very lit-
tle attention. Given the cognitive level of the jun-
ior primary school students and their reliance on
the concrete and the obvious in the learning pro-
cess, the formation of this concept should be based
on specific manipulative activities which are carried
out by students through the use of multiple visual
representations. This primarily involves the use of
visual and symbolic representations, and less the
use of verbal expressions and diagrams (Alexan-
drou-Leonidou & Philippou, 2011). In this way, or-
ganized learning has the characteristics of cognitive
growth and becomes more than a simple process of
arranging mathematical knowledge in a student’s
mind. The learning process is based on one’s inde-
pendent construction of mathematical knowledge

through the process of mathematization, and based
on problems rooted in real-life contexts. That being
said, the idea is that the development of this con-
cept at junior primary school age should be based
on learning situations in which a student models a
real-life situation, solves problems with real context,
whereby a real-life situation expresses equivalence.
This attitude is confirmed in the research by Dabi¢
Borici¢ and Zelji¢ who conducted an experimental
research with the fourth-grade students of prima-
ry school, showing that “the modeling process can
positively impact the construction of meaning and
understanding of equivalent forms of expressions”
(2021: 32). These situations must be experientially
close to the student. Such activities can be observed
as a way of rediscovering mathematical ideas, but in
one’s own way, with the aim of acquiring individu-
al knowledge for which students themselves are re-
sponsible (Sarama & Clements, 2009). Students are
challenged to independently build strategies in the
process of problem-solving by thinking about the
problem and discussing it with others. In this way,
students develop their own informal strategies and
the teacher’s task is to enable a gradual formalization
of these strategies so that they could be used in other
similar situations as well (Milinkovi¢, 2021).

Here are some examples of the context mod-
eling of real-life situations that can lead to the for-
mation of the concept of equality. For example, stu-
dents can be familiarized with the concept of equal-
ity through modeling, whereby ribbons of equal

6-2=9-7
THIRK T

?-3=7-5
XK /1RO
5=7-1

Figure 2. Pupils’ recording strategies for solving equality problems
(Parslow-Williams and Cockburn, 2008: 28).
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length are used (Figure 3). This example illustrates a
real-life context, because students have the opportu-
nity to observe the length of ribbons and make con-
clusions about the relations between them. Students
will first verbally express the relations: The blue rib-
bon has the same length as the yellow and purple
ribbons combined, or The blue ribbon has the same
length as the purple and green ribbons combined.

5cm

2cm

|

1cm

Figure 3. Illustration of the model
with ribbons of the same length.

In the next step, students’ thinking moves
from the real world into the realm of formal mathe-
matics, through the process of horizontal mathema-
tization, thus enabling the notation of mathematical
equality. Students are now able to express the equal-
ity of the ribbon lengths in mathematical language.
Based on the given situation, they will write down
the following equations, whereby unknown lengths
will be written on the placeholders:

S5cem=2cm+ cm
5cm = cm+ 1 cm
2cm+3cm= + 1 cm etc.

Based on the equations above, the student no-
tices the value of the unknown part. The ratio be-
tween the lengths of different ribbons can be ex-
pressed as an equation with unknowns:

S5cm=2cm+___ = +1cm

In this way, a real-life context for understand-
ing the equals sign as a symbol of equivalence was
created — what is located on the left side of the equa-
tion is equivalent to what is located on the right.

Horizontal mathematization enables the tran-
sition from the real world into the realm of abstract
mathematical notation which is used to express the
ratio between lengths. Furthermore, the student has
the opportunity to compare expressions on both
sides of the equals sign and determine the lengths
based on that. Given that the equals sign expresses
equivalence, it means that the value of each of the
three expressions separated by the equals sign must
be the same. Thus, in the process of vertical mathe-
matization, the student will conclude that the solu-
tion of the equation must be the following:

S5cm=2cm+3cm=4cm+1cm

Finally, the student returns to the real world
and explains the results he/she obtained, stating
that the length of the red ribbon is 3 ¢m, whereas
the length of the purple ribbon is 4 cm. In practice,
omission of the unit of measurement, in this case
length, is achieved gradually and reintroduction or
reconnection of the model with the numerical ex-
pression may be needed to build a chain of meaning
over a long period of development of this concept.

Problem modeling using the “scales” can con-
tribute to the understanding of the concept of the
equals sign. In this way, we gradually build up the
meaning of the equals sign as a symbol of equiva-
lence, because these problems revolve around the
notion of balance that exists between two sides of
the scales. The model used in solving this type of
problems is based on the notion of equal quantities
on both sides of the equals sign, and is known as
the balance model or the scales model. The follow-
ing example is based on the scales model (Figure 4).

I 500 g
! J

i 'Y
L Nl

Figure 4. Situation modeling using the scales - unknown
on the left side.
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Students are able to observe the mass of the
weights placed on the pans of the scales. In addition,
since the scales are in balance, it means that the mass
of the left pan equals the mass of the right pan of the
scales. In the process of mathematization, the real-
life context of the mass of weights can be translated
into the following equation: x + x + 200 g = 500 g
In this form, the mathematical equation expresses
the balance of the scales in reality, so that the con-
cept of equality can be understood as a concept that
expresses the balance of elements located on the left
and the right side of the sign - equal, equivalent, in
balance. Thus, the process of solving the equation,
which can be written down, can be reduced to ma-
nipulating the scales, whereby the aim is to keep
them in balance.

The situation can also be modeled so that the
unknown is located on the right side of the equals
sign, which is not common, nor something that stu-
dents are accustomed to (Figure 5).

X

800 g

200g

Figure 5. Situation modeling using the scales - unknown
on the right side.

The process is also expressed through the
comparison of equal masses on both sides of the
scales. The real-life context would be translated into
the following equation 800 g = x + 200 g in the pro-
cess of mathematization. Examples like this can be a
good basis for correct understanding of the equals
sign as a symbol of equivalence.

Here are just some examples how real-life sit-
uations and their modeling can be used for the pur-
pose of developing the concept of equality. These sit-
uations can be modeled by using specific sets formed
of didactic material that students can manipulate.
The ability to correctly understand the equals sign

implies a student’s ability to understand it as a sym-
bol that expresses symmetry between the left and
the right side of the equation. The goal is to redirect
students’ thinking from the primary understanding
of the sign as a command “calculate” toward under-
standing the sign as an expression of “equivalence”
In this way, students are able to understand symbol-
ic expressions as processes that exist as independ-
ent objects.

Methodological Framework

Based on the ideas above, the aim of this pa-
per is to examine whether the methodological ap-
proach based on the real-world situation modeling
contributes to a better understanding of the equals
sign and thus to an improved learning of early child-
hood algebra in which this concept features prom-
inently. Based on the research aims, two research
tasks were operationalized:

1. Examining whether the real-world situation
modeling affects the understanding of the
equals sign as a sign that expresses the
equivalence of mathematical expressions.

2. Examining whether students use different
forms of visual-schematic representations
to express the equivalence of mathematical
expressions in solving algebraic problems,
i.e. in the process of problem presentation.

The research sample was selected from the
population of students who attended the fourth
grade of primary school during 2019/2020 in Serbia.
Ten classes of fourth-graders (N = 257) from three
primary schools in Uzice participated in the ex-
perimental research. The experimental group com-
prised students (N = 130) from five classes, all from
the same school. Students from the control group
(N = 127) came from two primary schools (three
classes from one school and two from the other).
The groups were homogenized for the research pur-
poses based on the overall achievement and grade
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point average in mathematics at the end of the 3rd
grade, whereas their homogeneity was controlled
through the analysis of covariance.

The research was carried out by applying an
experimental method, specifically, an experimental
model with parallel groups. The program followed
by the experimental group comprised specially pre-
pared lessons where algebra was taught using real-
life context modeling. The class load was 25 lessons/
classes, whereby students from the control group
learned in a traditional way, using the approved
mathematics textbook for the 4th grade of primary
school. In the control group, learning was based on
introducing the content of early childhood algebra
in a mathematical context, without the real-world
situation modeling. In the traditional teaching ap-
proach, the teacher first introduced the terminolo-
gy and continued by presenting two or three prob-
lems, inviting all students to solve them; the stu-
dents then tried to solve the given problems (tasks)
from the course book (textbook) using the learned
terminology; finally, the teacher highlighted sev-
eral problems from the course book and asked
the students to do the tasks from the textbook.
In the contextual approach, the starting point in
the learning process was a problem expressed in
the form of visual representation, words, or an-
other type of designation. Relationships that rep-
resent mathematical problems rooted in reality or
the students’ environment were expressed by shap-
ing a problem situation. The problem situation was
then modeled in different ways through the pro-
cess of horizontal mathematization and expressed
symbolically.

Early algebra content in the experimental
program included: equations with addition, subtrac-
tion, multiplication and division; relation between
the changes of the result and the changes of the com-
putational components. Instruction in both groups
was carried out according to the regular school
curriculum. The research utilized the test method.
Two equivalent tests were created for research pur-

poses: initial and final test. The test contained the
tasks that aimed to examine 1) understanding of the
equals sign of mathematical expressions expressed
in a purely mathematical context, and in the context
of a problem situation; 2) a real-world problem in
the field of algebra that aimed to examine whether
students use different forms of visual-schematic rep-
resentations that express the equivalence of math-
ematical expressions in solving algebraic problems,
i.e. in the process of problem presentation. The tasks
in these tests were real-world context problems and
included problems in which the correct use of the
equals sign was the key for solving them, such as
balancing tasks and line segment modeling tasks. In
addition to these tasks, the test also included mathe-
matical context tasks aimed to examine the students’
understanding of the equals sign as the symbol of
equivalence of mathematical expressions. We will
include several examples of the test tasks expressed
in the real-world and mathematical context below.

Examples of the real-world context tasks:

1. Determine the mass of the apple by looking at the
picture.

The mass of the apple is:

2. Three roses cost the same as two roses and two
tulips. How much does a rose cost, if a tulip costs
300 dinars?
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Examples of mathematical context tasks

1. Fill in the missing numbers to make the equation
correct.

30+40=__-50=__+60=__

2. Fill in the missing numbers to make the equation
correct.

350+__=__ -20=__:2=700

Before the experiment, initial testing was per-
formed in both groups to determine the initial level
of understanding of the equals sign. After the ini-
tial testing, the experimental program was intro-
duced in the experimental group, and implement-
ed in regular classes for the 4th grade. Upon com-
pletion of the experimental program, final testing
was performed. Tests comprised math problems,
where each was worth 5 points. The scores were de-
termined depending on whether each problem was
solved in its entirety, or only partially.

The values of Cronbach’s alpha for the ini-
tial and final tests indicate results greater than 0,7,
which indicates an acceptable and desirable relia-
bility of the constructed tests. The values of skew-
ness and kurtosis for the initial and final tests in the
groups range between -2 and 2 (Table 1), meaning
that the results show a univariate normal distribu-
tion (George & Mallery, 2010).

Given that the sample size in the research is
greater than 200, this distribution of the results does
not have a large effect on the results of the analysis
(Tabachnik & Fidell, 2013).

The obtained results were analyzed quantita-

tively and qualitatively. When it comes to statistical
measures, the analysis of variance and analysis of co-

Table 1. Testing the normality of the initial and final tests.

variance (ANCOVA) were used to determine the ex-
istence of the potentially statistically significant dif-
ferences in achievement between the experimental
and the control groups, and thus monitor the effects
of the experimental program. The analysis of covari-
ance was also used to statistically control the homo-
geneity of the experimental and the control group
by removing variance in the dependent variable.

Results and Discussion

The initial measurement of the student abil-
ity to correctly understand the equals sign shows
that both student groups achieve poor results, name-
ly: experimental (M = 4.07; SD = 2.71) and control
group (M = 3.87; SD = 2.47) (Table 2.). Given that
the maximum number of points was 10, the obtained
results show that students failed to even score a half
of the maximum number of points in the test that
measured the ability to understand the equals sign in
the initial measurement. These results indicate that
the concept of the equals sign is not fully developed
in either group (experimental and control).

Studentsfromtheexperimentalgroupachieved
better results in the final measurement (M = 6.52;
SD = 2.50) with regard to the initial measurement,
in contrast to students from the control group who
scored approximately the same results as in the ini-
tial measurement (M = 4.02; SD = 2.41), which are
still below average (Graph 1). It is obvious that the
students who adopted algebra content according
to the principles of the contextual approach made
greater progress than students who worked in line
with the traditional approach to teaching mathe-
matics.

Group Test Skewness Sde Kurtosis Sde
Experimental erou Initial test 177 212 -.825 422
X

P BIOUP Final test - 278 212 - 635 422
Control erou Initial test -.166 215 -.655 425
group Final test - 141 215 - 938 427
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Table 2. Descriptive indicators of student achievement in the experimental and control groups in the initial and

final measurement.

N M SD
Initial test Experimental group 130 4.07 2.71
Control group 127 3.87 2.47
Final test Experimental group 130 6.52 2.50
Control group 127 4.02 2.41
E H
5 —_ £ .
' = X
E £
2 e 2
° ExcriepaMeHTaTHA IPyIa KoHtponHa rpyna ’ EKCriepHMeHTANHa TPyTIa KoHTpomHa rpyna

Graph 1. Results of the control and experimental group in the initial and final measurement.

Differences in achievement between students
from the experimental and students from the con-
trol group in the ability to correctly understand the
equals sign were tested using analysis of variance

(Table 3). The values of Levene’s test in the initial
measurement (F(1,255) = .889; p = .347) and the fi-
nal measurement (F(1, 255) = .169; p = .681) show
that the assumptions about the homogeneity of vari-

Table 3. Analysis of variance in the initial and final measurement.

Levene Statistic dfl df2 Sig.
Initial test .889 1 255 .347
Final test .169 1 255 681
Sum of Squares df  Mean Square F Sig.
Initial test ~ Between Groups 2.448 1 2.448 364 547
Within Groups 1716.361 255 6.731
Total 1718.809 256
Finaltest ~ Between Groups 401.333 1 401.333 66.482 .000
Within Groups 1539.360 255 6.037
Total 1940.693 256
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ance are not violated, therefore, the results obtained
by using the analysis of variance can be considered
reliable.

The value of analysis of variance obtained in
the initial measurement (F (1, 255) = .364; p = .547)
shows that there is no statistically significant differ-
ence between the students from the experimental
and the control groups with regard to the correct un-
derstanding of the equals sign. In contrast, the value
of the analysis of variance in the final measurement
(F (1,255) = 66.482; p < .000) shows that there is a
statistically significant difference between groups
with regard to the measured ability to correctly un-
derstand the equals sign. The obtained results show
that students who adopted algebra content through
modeling of real-life situations made better progress
in the ability to correctly understand the equals sign
with regard to students from the control group.

To eliminate the suspicion of group non-ho-
mogeneity, we conducted the analysis of covariance
(ANCOVA). Levenes test of equality of variance
equals F = 2.853 for p = .092 meaning that the as-
sumption of equality of variance is not violated (Ta-
ble 4).

Table 4. Leven test of homogeneity of variance.

Dependet Variable: Final measurement

F df1 df2 Sig.
2.853 1 255 .092

Tests the null hypothesis that the error variance of the
dependent variable is equal across groups.
a. Design: Intercept + Equalityl + Group

By analyzing covariance and eliminating the
effects of covariates (initial measurement of the abil-
ity to correctly understand the equals sign), we can
conclude that there is a statistically significant dif-
ference in achievement between students from the
experimental and the control group (F (1, 254) =
143.84; p < .000) (Table 5). In this case, partial eta
squared is .362, which is a large effect according to

Cohen (Cohen, 1988). This means that as much as
36.2% of variance in the final measurement can be
explained by the independent variable, or in this
case, the implemented model of learning algebra
in mathematics education. If the effect of covari-
ates (results in the initial measurement of the abil-
ity to understand the equals sign) in the final meas-
urement of the same ability is considered, and if
the effect of the independent variable is eliminated
(group), we will nonetheless get statistically signif-
icant differences in the ability to correctly under-
stand the equals sign (F (1,254) = 367.14; p < .000).
The value of partial eta squared is 0.59, i.e. a large ef-
fect (Table 5).

The results of statistical analysis show that
context modeling of real-life situations in algebra
learning contributes to the correct understanding
of the equals sign. This is especially important if we
consider the role the equals sign plays in algebra.
Inability to understand the equals sign is primari-
ly an obstacle to understanding arithmetic, but also
to mastering and understanding algebra content -
equations, functional dependency, etc.

We will list a few examples of errors we iden-
tified in students’ answers in the test for illustrative
purposes which indicate their lack of understanding
of the equals sign (Figure 6). The task students had
to solve was: Determine the mass of the apple based
on the picture.

[ Ha ocHoBy caiHKe oApeaH Macy jaByke.

e  2kre b .
2004+ 523 = #503=Q)- 2509-4003= 4509

Maca jabyxke je: _A&2 g -

Figure 6. Solving a balance task - inability to understand
the equals sign.
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Table 5. Analysis of covariance between the initial and final measurement.

Dependet Variable: Final measurement

Source Type III Sum of df  Mean Square F Sig. Partial Eta
Squares Squared

Corrected Model 1311.209* 2 655.604 264.540 .000 .676
Intercept 433.594 1 433.594 174.957 .000 408
Initial measurement 909.876 1 909.876 367.140 .000 591
Group 356.477 1 356.477 143.840 .000 .362
Error 629.484 254 2.478

Total 9127.000 257

Corrected Total 1940.693 256

a. R Squared = .676 (Adjusted R Squared = .673)

The student successfully found the solution,
but the equation he used in the process of solving
the task was incorrect. In this case, the equals sign
connects several expressions the values of which are
not the same. In solving this task, one can recognize
student’s correct thinking in the process (determin-
ing the mass on the right plate of the scales to indi-
cate the total mass on the right plate). The error oc-
curs through an inadequate use of the equals sign,
because the student understands and uses it as “cal-
culate value” instead of “it is equivalent to”. This er-
ror, and other similar ones identified in our research,
confirms the results of other research (Mason, 1996;
Kieran, 2006; Obradovi¢ and Zelji¢, 2015) which in-
dicated a tendency among a certain number of stu-
dents to use the equals sign incorrectly, i.e. to fo-
cus on the result instead on the solution process and
representation of the mathematical concept.

Many students demonstrated a lack of un-
derstanding of the equals sign as a symbol that ex-
presses equivalence. Instead, they relate this con-
cept to arithmetic and equate it with commands
“determine value” or “calculate”. Students had
the following task: Fill in the missing numbers:
30+40=____-50=__ +20= . An exam-
ple of the most common error in solving this prob-
lem is shown in Figure 7.

YnuiH 6pojeBe KOjH HeJoCTajy.

30 +40=_30 -50=_20 +60=00

Figure 7. Solving a task in a mathematical context.

Kieran also argues that in these situations,
“school children, despite efforts to teach them oth-
erwise, view the equals sign as a symbol which sep-
arates a problem and its answer” (Kieran, 1981:
324). The example shows that students do not ob-
serve the whole equation, but are solely focused on
individual expressions and their value instead. The
same example also shows that students did not yet
form the concept of expression. Moreover, in solv-
ing the task, students perform operations neglect-
ing equivalence relations between the expressions.
In the final measurement of the effects of the ex-
perimental program, students were given a similar
task: Fill in the missing numbers to solve the equation:
350+ = .20=___ :2=700. Students from
the control group yet again demonstrated a lack of
understanding of the equals sign, unlike students
from the experimental group (Figure 8).

Ynuuwu 6pojese Koju HeJIOCTajy TaKo [ja jeAHAKOCT 6y/e TaqHa.

350+ 0 =70 -20="4002 =700
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Yiuum 6pojene Koji HegocTajy Tako Aa jeAHaKocT Gype TayHa.

Wsm_d@_-zo:‘%ﬂ;zﬂoo

Figure 8. Final test done by students
of the control group.

The examples above show that students see
the equals sign solely as the “calculate” command,
instead as a symbol of equivalence. The incorrect
way in which students solved the task also tells us
how they approached solving the task, i.e. by start-
ing from the known values in the equation. Only the
values of the expressions from the right are correct,
while the values of all other expressions arise from
the lack of understanding of the equals sign, which
led to incorrect values in other expressions as well.
Students from the experimental group, however,
successfully solved this problem.

When it comes to solving real-life problems
from the field of algebra, students from the experi-
mental group made progress in solving these tasks.
We will list a few examples to illustrate their pro-
gress in understanding the equals sign, and the abil-
ity to solve problems containing this sign. The spe-
cial benefit of the implemented contextual method-
ological approach and proof of its effects is reflected
in the fact that students also adopted an approach to
solving problems based on presenting problems in
different ways using various visual-schematic rep-
resentations that aim to express the equivalence of
mathematical expressions.

The students were given the following prob-
lem in the test: Three roses cost the same as two roses
and two tulips. What is the price of a rose, if one tu-
lip costs 300 dinars? Students used visual represen-
tations in solving this task to make it more relatable
and highlight the relations between data in the given
task (Figure 9).

TpH pyKe KomTajy HCTO Kao fjse pyxe  ABe Jane. KoK KoWITa Py&a,
aKo je uena jente nane 300 aunapa?

ﬂpocropaapan w,
F )' - ‘.‘V.T!Qr\)

%k{r A udr o0 y

TpH pyste KOLITA]y HCTO Kao ABe pyxe 1 Ae sane. KOIHKO KOWTA PYXa, aKo
je uena jenne nane 300 gunapa?

TlpocTop 3a paj;:

=600 J@Pﬂ\ F,H(\ OLUP) Ka0 opP
: Anae yT0 £ 60O Hwwpa:
0

204 w0990

0arosop:

Figure 9. Solving a task - students from
the experimental group.

In this case, the pictogram served as a model
in problem solving, and it was obtained through the
mathematization of a real-world context given in the
task. Students used the pictogram to express contex-
tual situations, whereas the equals sign is used to de-
termine relations that exist in the task. In this case,
we can conclude that students fully understand the
equals sign as a symbol of equivalence, because they
eliminated identical values on the left and the right
side of the equals sign in the process of solving the
task. The process of eliminating identical values on
both sides of the equation is the basis which can lat-
er be used as a procedure for solving equations that
avoids the second unknown, and some authors used
it as a strategy for forming the concept of the equals
sign (Parslow-Williams & Cockburn, 2008).

A certain number of students solved the same

problem using the line segment model as an ideo-
gram, to express relations in the task (Figure 10).
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Figure 10. Solving a task by line segment modeling.

Unlike the solution where the pictogram di-
rectly expressed the relations between prices of dif-
ferent flowers, in this case, students used a more ab-
stract model, ideogram (line segment model). When
we observe the way in which the students solved this
problem, we recognize the tendency toward prob-
lem visualization, whereby the length of the line
segment represented the price of roses and tulips as
data given in the task. The line segment model was
used to understand the relations between known
and unknown values in the task more fully, but also
to facilitate its solution. The above examples of solu-
tions clearly show the students’ need to use models
to express relations, but also to avoid their symbol-
ic notation. This is a direct consequence of the ap-
proach used in the experimental group, i.e. mathe-
matical modeling of real-life situations and present-
ing them through visual representations to ensure a
better understanding and shifting the context from
mathematical models to real-world contexts. The
reason for this can be found in an inherent need for
clarity in children of this age. Obradovi¢ and Zelji¢,
who believe that using models to represent infor-

mation should lead to correct reasoning and im-
proved relation-awareness, obtained similar results
(2015). The authors especially underline that “with-
out the use of different representations and models,
students cannot always understand the structure of
a task, or the procedure of its solution” (Obradovi¢
& Zelji¢, 2015: 77). The study by Otten et al. (2020)
showed that students who use balance problems
in learning algebra later use representations, mod-
els and advanced algebraic strategies more often to
learn and solve mathematical problems. The results
of the said study show that different model repre-
sentations play a very significant role in the process
of learning algebra content.

Conclusion

The equals sign - one of the basic concepts
in arithmetic and algebra, an important mathemati-
cal symbol, and a “deep understanding of the notion
of equality is a necessary prerequisite for primary
school students in order to proceed to upper school
mathematics” (Alexandrou-Leonidou & Philippou,
2011:410). The root of incorrect and insufficient un-
derstanding of the equals sign lies in its formation
in arithmetic learning, whereby the same problem
is later transferred to the field of algebra. The fact is
that the correct construction of this concept should
begin in arithmetic (Marjanovi¢ & Kalajdzi¢, 1992),
but in that process, the focus should be on real-life
situations which will familiarize students with the
equals sign and help them understand it as a symbol
of equivalence.

The central issue in understanding the equals
sign is to avoid observing this concept as operation-
al, but to develop its relational meaning instead. Un-
derstanding the sign “=” as operational causes diffi-
culties with its relational meaning among students.
The results obtained in our experimental research
show that by shaping mathematical content so as
to be based and modeled in real-life learning situ-

ations, we can positively influence students’ ability
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to correctly understand the equals sign. Van Reeu-
wijk (2001) came to the same conclusion, pointing
out that a real-life context helps students to under-
stand the meaning of formally expressed mathemat-
ics and the equals sign as a symbol of equivalence,
and thus gain a more comprehensive understand-
ing of the concept of equation. This means that a
methodological approach to learning, based on the
principles of Freudenthal’s phenomenology, which
involves modeling learning situations that express
clear and real situations from everyday life through
the processes of horizontal and vertical mathemati-
zation, is a major driver behind the correct under-
standing of the equals sign. In that process, different
representations based on extreme clarity and obvi-
ousness should be used so as to help students un-
derstand equality as equivalence. A special role in
this process belongs to balance tasks which express
mathematical equivalence in an obvious way, ena-
bling a real-life context to serve as a foundation for
building a deeper meaning of the equals sign. These
tasks can also be used as a model for solving equa-
tions in the process of formal problem solving, by
performing the same operations on both sides of the
equals sign (Vlassis, 2002). Dabi¢ Bori¢i¢ and Zelji¢
(Dabi¢ Borici¢ & Zelji¢, 2021) obtained similar re-
sults in their research with students aged 10 and 11.
The results of this research show that students are
capable of developing a correct understanding of the
equivalence of mathematical expressions, regardless
of whether these are arithmetic or algebraic expres-
sions. The authors believe that the key to success
lies in the modeling process and different represen-
tations, meaning that the modeling process should
not be used exclusively as a framework for solving
textual (word) problems in teaching, but also for de-
veloping the meaning of algebraic concepts.

The results of our research show that students
use different forms of visual-schematic representa-
tions in solving real-world context algebraic prob-
lems to present the equivalence of mathematical ex-
pressions. Working on such tasks not only enables
students to develop a deeper meaning of the con-
cept of equality, but also contributes to a more suc-
cessful solution of algebra problems. Correct under-
standing of the equals sign in arithmetic is a crucial
ability which helps one lay the foundations for later
learning of algebraic content, and the key period for
the development of this ability in mathematics edu-
cation is junior primary school. For these reasons,
this mathematical concept should be approached
carefully, and gradually developed through the cur-
riculum (Alexandrou-Leonidou & Philippou, 2011;
Alibali et al., 2007; NCTM, 2000), because, other-
wise, we have to be aware that a limited understand-
ing of the equals sign (operational meaning only)
can hinder the development of algebraic concepts.
Practitioners should be particularly mindful of this
fact when designing mathematical activities, start-
ing from the initial idea of the concept of equiva-
lence (comparing numbers), then moving to the
role of the equals sign in the formation of the con-
cept of operations, and finally expanding the mean-
ing of the sign to the equivalence between the left
and the right side of the equation, instead of simply
understanding this concept as the command Calcu-
late!. All these activities should be based on distinct-
ly practical activities which allow students to create
situations to express the equivalence between the
two sides of the equation. In this way, we will divert
students from over-relying on patterns and equali-
ties in purely mathematical form, and provide them
with an opportunity to construct a conceptual un-
derstanding of the equals sign from situations that
express real-life contexts.
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3HAK JETHAKOCTM - ITPOBJIEM YYEIbA PAHE AJITEBPE V1 KAKO I'A PEHINTU

Jegan og HajsHauajHujux fiojmosa u cumbona y mamieMamuyu jeciiie 3nax jeguaxociuu. Ipa-
BUNIHO pasymesdrbe 0601 3HAKA je jegar 0 HAj3HAYAJHUJUX Upegycriosa 3a pasymesarve U yuerbe
gpyiux matiematmuukux u aniedapckux iojmosa. Y pagy ce tiocedHo uciiuvy ilotieuikohe koje
ipaitie HeUPABUNHO pasymesarve 3HAKA jegHAKOCIIU, YUja ce 0CHO8A TPOHANA3U Y HEUPABUTHOM
popmupary 0601 Hlojma y HAciaeu apuitimeitiuke, ige ce yueHUUU HABUKABAJY HA 3HAK jegHAKO-
Ciliy KAo 3HAK KOju 03HA4A6a ,uspauyHaj unu ,ogpegu . HajsHauajHuje 3a pasymesare 3Haka
jegHakociiu jectiie yipaso o ga ce 08aj iojam He cxéaiia camo otiepauuoHo, éeh ga ce passuje
penauuoro 3Haqere 0601 cumdona. Pasymesarve 3naxa ,,=" camo oliepayuoHo gosogu go ioia ga
yueHuuu umajy ioiieuwikohe ca pasymesarvem rweiosol penauuonol snaverva. Vimajyhu o y eugy,
aymopu y pagy ucttiu4y u pazeujajy ugejy ga Ha maahem wKoackom y3paciiy yueroe u gopmuparoe
3Haka jeguakociiu wwipeda ga dyge 3aCHOBAHO HA CUTHYAUUJAMA Yuerba Y KOjUMA YHeHUK Mogernyje
peante cuiliyayuje u peuiasa tipodneme peanHol koniwexciiia. Ha osaj Hauun tipodnemu peantol
KOHTeKCIia 0gpaxcasajy peanve cuiliyayuje u3 c6axogHesHol #usowa Koje yuyhyjy na cyuwiiu-
Hy l0jMa 3HAKA jegHAKOCTU ~ KAO 3HAKA KOjU U3Paxasa eKkeusaneHiiHocil. Y cknagy ca mium y
pagy je tipegcitiaswer metiogu1Ky UPUCIHLYTL yuerba 3aCHO8AH HA MOGeio8arby CUillyauuja peantoi
KoHillekcTila kako du ce tipodnem Hepasymesarba fojma 3HAKA jegHAKOCTLU Tipesasuuiao. Y mogesno-
sarwy cutilyauuja peanHoi KOHIeKCia HocedHO je U3ge0jeHo MOgenosarbe gyIuHa u pasHouiesxre,
jep ce Ha 08uUM MOgenuMa HAjAAKULE YO4AB8a U CXBATHA eK8UBATIEHIIHOCTL KAO 0CHO8A 3a U3ipagry
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ilojma 3HAKA jegHakociiu y maemamiuyu. IIpuxasanu meiloguuku Upucilyil eKcilepumeHitianHo
Je ieciiupan y OK8Upy UCHUPAIusarea Koje je umaso 3a yusm ga uciuilla ga iu 06axas Meimoguuxu
dpucitiyii gotipurocu dovem pasymesary 3Haka jegnaxociiu. Kpos excilepumeniti ca iapanennum
ipytiama Ha y30pKy yueHuka yettiepiniol paspega (N=257) peanuzosaro je ucipaxcusarve, y 0Keupy
Kola cy uciuiiusanu edexitiu meiioguukoi upuciayia. IIpoipam iio kome je paguna exciiepumen-
wanua ipyia yuHunu cy ioceSHo upuipemmeru 4acosu (25), y kojuma ce KOPUCTTUIO MOGeNI08atbe
CUTyauuja y peanHom KOHIEeKCILY, gok cy yueHUuyu Koju Cy YUHUNU KOHIUUPONHY 1pyily pagunu
Ha yoduuajeHu TPAGUUUOHATHU HAYUH, Kopuclidehu ogodpenu yySenux u3 mailiemaiiiuke 3a
yelliepiiiu paspeg ocHoséHe wikone. JJodujenu pe3ynimiaimiu HoKa3anu cy ga ce penayuoHo 3Hauerve
3HAKA jegHaKOCHiU MOXe passujaitiu yioipedom tipodnema Koju uspaxasajy cuitiyavuje peanuc-
HiuuHol KoHilekciia. Pesynitiatiu goSujeHu y 060m Uciiipaxcusarey UoKa3anu cy ga ce uainpuso
007IUKOBAHUM cagpicajuma matilemaiiiuke, Waxo ga oHu 8ygy 3acHO8AHU U MOJe/l08AHU HA Peal-
HUM cutliyayujama koje cy 6nUcKe y4eHUKY U 3aCHOB8AHE HA Hel060M UCKYCILBY, MOXe HO3UTHUEHO
YHBUUAhU Ha cAocoOHOCT 3a UPABUNHO pasymesarve 3Haka jegHaxocitiu. O60 ucilipaxusarve je
iloxasano ga ce yuoiipedom peantoi KoHilleKcilia ipoyec yuerwa cagpicaja apuiimeitiuke u anieSpe
Modce yHaupequitiu U THAKo CHBOPUTIU CHANCHA OCHOB8A 34 UPABUNHY U3IPAgry He CaMo Uojma
3HaKa jegnakocitiu el u mHoTux gpyiux mamemamiuukux ojmosa. Ocum oia, Mogenosaree pe-
AnHux cutliyayuja omoiyhasa yuenuyuma ga tiociliefieHo passujajy ceoja mattieMamiuuka 3Haroa,
ipu uemy ce tiociileileHo Upena3u Ha Hopmanty maemamiuuxy cumdonuky u uzdeiasajy uoiien-
yujanHu apodnemu unu Hepasymesara y cagpxajuma aniedpe.

Kmyune peuu: mogenosare peannux cuttiyauuja, 3Hax jegHakociiu, pana aniedpa, peanuc-
miuuHo mattiemaitiuuko odpasosarve, yueHuuxa nocimiuinyha
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